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RIGIDITY THEOREMS FOR CIRCLE DOMAINS
DIMITRIOS NTALAMPEKOS AND MALIK YOUNSI
Abstract. A circle domain Ω in the Riemann sphere is conformally rigid if
every conformal map from Ω onto another circle domain is the restriction of
a Mo¨bius transformation. We show that circle domains satisfying a certain
quasihyperbolic condition, which was considered by Jones and Smirnov [11],
are conformally rigid. In particular, Ho¨lder circle domains and John circle
domains are all conformally rigid. This provides new evidence for a conjecture
of He and Schramm relating rigidity and conformal removability.
1. Introduction
A domain Ω in the Riemann sphere Ĉ is called a circle domain if every connected
component of its boundary is either a round circle or a point. Such domains are
well-known to be of significant importance in complex analysis and related areas,
mainly because they are expected to represent every planar domain, up to conformal
equivalence. This is known as Koebe’s Kreisnormierungsproblem.
Conjecture 1.1 (Koebe [13]). Any domain in Ĉ is conformally equivalent to a
circle domain.
Koebe himself proved Conjecture 1.1 in the case of domains with finitely many
boundary components [12], using a dimension argument based on Brouwer’s invari-
ance of domain theorem. The following generalization is undoubtedly one of the
most important progress regarding Koebe’s conjecture.
Theorem 1.2 (He–Schramm [7]). Any domain in Ĉ with at most countably many
boundary components is conformally equivalent to a circle domain.
As for the uncountable case, Conjecture 1.1 remains wide open, despite some
partial results by Sibner [24], He and Schramm ([9], [23]), and Herron and Koskela
[10].
In Theorem 1.2, the circle domain is actually unique up to a Mo¨bius transfor-
mation, which follows from the fact that every conformal map from a circle domain
with at most countably many boundary components onto another circle domain is
Mo¨bius. This motivates the following definition.
Definition 1.1. A circle domain Ω in Ĉ is conformally rigid if every conformal map
from Ω onto another circle domain is the restriction of a Mo¨bius transformation.
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The rigidity property in the countable case was in fact crucial in the proof of
Theorem 1.2. He and Schramm later extended rigidity to circle domains with
boundaries of σ-finite length [8], which is as far as we know the best rigidity result
in the literature.
As observed in [8], the notion of conformal rigidity appears to be closely related
to conformal removability.
Definition 1.2. A compact set E ⊂ Ĉ is conformally removable if every homeo-
morphism of Ĉ that is conformal outside E is actually conformal everywhere, and
hence is a Mo¨bius transformation.
Examples of removable sets include sets of σ-finite length and quasicircles. On
the other hand, compact sets of positive area are never conformally removable. The
converse is false. In fact, there exist removable sets of Hausdorff dimension two and
non-removable sets of Hausdorff dimension one, and no geometric characterization
of removability is known. See [27] for more information, including applications to
holomorphic dynamics and to conformal welding.
If E ⊂ C is a Cantor set, then Ω := Ĉ\E is a circle domain, and it follows directly
from the definitions that Ω is not conformally rigid if E is not removable. In par-
ticular, complements of positive-area Cantor sets are never conformally rigid. The
problem of determining exactly which circle domains are rigid remains open, and a
solution should provide substantial insight into Koebe’s conjecture. Motivated by
this, He and Schramm proposed the following characterization.
Conjecture 1.3 (Rigidity Conjecture [8]). A circle domain Ω is conformally rigid
if and only if its boundary ∂Ω is conformally removable.
As previously mentioned, the direct implication holds if Ω has only point bound-
ary components. Furthermore, Conjecture 1.3 holds for circle domains with bound-
aries of σ-finite length, in view of the preceding remarks. It also holds if ∂Ω has
positive area, since in this case Ω cannot be conformally rigid, as can be seen using
quasiconformal deformation of Schottky groups. In [28], the second author ob-
tained further evidence in favor of the rigidity conjecture by proving that a circle
domain is conformally rigid if and only if it is quasiconformally rigid, meaning that
every quasiconformal mapping from the domain onto another circle domain is the
restriction of a quasiconformal mapping of the whole sphere. In particular, rigidity
of circle domains is quasiconformally invariant, which would also follow if Conjec-
ture 1.3 were true, by the quasiconformal invariance of removability (see e.g. [27,
Proposition 5.3]).
It is well-known, however, that from the point of view of removability and rigidity,
considerations of Hausdorff measure and dimension are not enough, and it is rather
the “shape” than the “size” of the set that matters. In this spirit, our main theorem
is the following rigidity result.
Theorem 1.4. Let Ω ⊂ Ĉ be a circle domain, and assume without loss of generality
that ∞ ∈ Ω. Let B(0, R) ⊂ C be a large open ball that contains all complementary
components of Ω. Suppose that for a point x0 ∈ B(0, R) ∩Ω we have∫
B(0,R)∩Ω
k(x, x0)
2 dx <∞,(1.1)
where k(·, ·) denotes the quasihyperbolic distance in the region B(0, R) ∩ Ω. Then
Ω is conformally rigid.
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We refer to Condition (1.1) as the quasihyperbolic condition. This condition was
considered by Jones and Smirnov in [11] for the study of conformal removability.
More precisely, they proved that domains satisfying (1.1) have conformally remov-
able boundaries. Combining this fact with Theorem 1.4 shows that Conjecture 1.3
holds for circle domains satisfying the quasihyperbolic condition.
The quasihyperbolic condition is satisfied for sufficiently nice domains, such as
John domains and Ho¨lder domains for instance (see [25] for the definitions). This
yields the following corollary.
Corollary 1.5. Ho¨lder circle domains are all conformally rigid. In particular,
John circle domains are conformally rigid.
The proof of Theorem 1.4 is inspired by techniques of He and Schramm [8] and
can be briefly described as follows. Let Ω be a circle domain satisfying the quasi-
hyperbolic condition, and let f : Ω → Ω∗ be a conformal map of Ω onto another
circle domain Ω∗. The first step is to show that f extends to a homeomorphism of
Ω onto Ω∗. In order to do this, one first needs to rule out the possibility that f
maps some point boundary component to a circle, or vice versa. This is proved in
[8] using a generalized Gro¨tzsch extremal length argument. However, the argument
relies in a crucial way on the fact that ∂Ω intersects almost every line through the
origin (and almost every circle centered at the origin) in an at most countable set.
The latter holds provided ∂Ω has σ-finite length but may fail under the quasihyper-
bolic assumption only. We circumvent this difficulty using so-called detours, which
were formalized in [21], as well as techniques inspired from [11]. Once f has been
shown to extend to a homeomorphism of Ω onto Ω∗, one can use reflections across
the boundary circles to extend f to a homeomorphism of the whole sphere that
conjugates the Schottky groups of Ω and Ω∗. The next step is to use a modulus
argument, again based on detours, to show that f is K-quasiconformal, for some
K depending only on Ω. Now, if f is not Mo¨bius and thus K > 1, then one can use
the measurable Riemann mapping theorem to construct a quasiconformal mapping
of Ĉ that maps Ω conformally onto another circle domain but has dilatation bigger
than K. This contradiction shows that K = 1 and therefore f must be a Mo¨bius
transformation.
Lastly, we mention that rigidity with respect to more general classes of maps (e.g.
quasisymmetric) was extensively studied by Bonk, Kleiner, Merenkov, Wildrick and
others ([3], [17], [18], [19]), in the case of Schottky sets. Although circle domains and
Schottky sets are quite different (the latters are not domains and do not have point
boundary components), some of our techniques may apply in this other setting.
The paper is structured as follows. Section 2 contains preliminaries on the quasi-
hyperbolic condition and detours of paths. In Section 3, we prove that boundary
circles map to boundary circles, and Section 4 contains the proof that point bound-
ary components are mapped to point boundary components. Then, in Section 5,
we prove continuous extension to the boundary. Section 6 contains the proof of
quasiconformal extension to the whole sphere. In Section 7, we conclude the proof
of Theorem 1.4. Finally, Section 8 contains further remarks on Conjecture 1.3.
Acknowledgments. Part of this project was completed while the first author
was visiting the University of Hawaii. He thanks the Faculty and Staff of the
Department of Mathematics for their hospitality. Both authors would also like to
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2. Preliminaries and the quasihyperbolic condition
In this section we shall prove some important properties of domains D ⊂ C
satisfying the quasihyperbolic condition of Theorem 1.4, i.e.,∫
D
k(x, x0)
2 dx <∞(2.1)
for some point x0 ∈ D. We also include in Subsections 2.3 and 2.4 a few preliminar-
ies required for the proof of the main result. We first start with some definitions.
Let D ( C be a domain, i.e., a connected open set. For a point x ∈ D, define
δD(x) := dist(x, ∂D) (using the Euclidean distance). We define the quasihyperbolic
distance of two points x1, x2 ∈ D by
kD(x1, x2) = inf
γ
∫
γ
1
δD(x)
ds,
where the infimum is taken over all rectifiable paths γ ⊂ D that connect x1 and
x2; here the symbol γ denotes also the trace of the path γ. The subscript D will
be omitted if the domain is implicitly understood.
Remark 2.1. The quasihyperbolic distance is trivially invariant under Euclidean
isometries. Namely, if T : C → C is an isometry and D ⊂ C is a domain with
x1, x2 ∈ D, then kT (D)(T (x1), T (x2)) = kD(x1, x2). Also, the quasihyperbolic
distance is scale invariant; in other words, if r > 0 and T (x) = rx, then the above
equality holds as well. Hence, the quasihyperbolic condition (2.1) is invariant under
translation and scaling.
Furthermore, if T : D → T (D) ⊂ C is a bi-Lipschitz map, then
kT (D)(T (x1), T (x2)) ≃ kD(x1, x2)
and this shows that condition (2.1) is invariant under bi-Lipschitz maps.
A simple curve γ ⊂ D is called a quasihyperbolic geodesic if for any two points
x1, x2 ∈ γ we have
k(x1, x2) =
∫
γ|[x1,x2]
1
δD(x)
ds,
where γ|[x1,x2] denotes the subpath of γ between x1 and x2. We allow the possibility
that γ is defined on a (half) open interval and does not have endpoints in D, or it
even accumulates at ∂D. A compactness argument shows that for any two points
x1, x2 ∈ D, there exists a quasihyperbolic geodesic that connects them, see e.g. [4,
Theorem 2.5.14].
For a domain D ( C we also consider the Whitney cube decomposition W(D),
which is a collection of closed dyadic cubes Q ⊂ D (or rather squares), with the
following properties:
(1) the cubes of W(D) have disjoint interiors and ⋃Q∈W(D)Q = D,
(2)
√
2 ℓ(Q) < dist(Q, ∂D) ≤ 4√2 ℓ(Q) for all Q ∈ W(D),
(3) if Q1 ∩Q2 6= ∅, then 1/4 ≤ ℓ(Q1)/ℓ(Q2) ≤ 4, for all Q1, Q2 ∈ W(D).
Here, ℓ(Q) denotes the sidelength of Q. See [26, Theorem 1, p. 167] for the existence
of the decomposition. Note that (2) implies that k(x1, x2) ≤ 1 for all x1, x2 lying
in the same cube Q, so that in particular Whitney cubes have uniformly bounded
quasihyperbolic diameter.
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We fix a basepoint x0 ∈ D, and denote by k(x0, A) the quasihyperbolic distance
from x0 to a set A ⊂ D. For each j ∈ N we define
Dj := {Q ∈ W(D) : k(x0, Q) ≤ j},
and D0 := ∅. Each Whitney cube Q is contained in Dj \ Dj−1 for some unique
j ∈ N. In this case, we define j(Q) := j. Also, we have D = ⋃∞j=1⋃Q:j(Q)=j Q.
Two important observations are the following:
Remark 2.2. Let γ be a quasihyperbolic geodesic passing through x0. Then there
exists a uniform constant N ∈ N such that for each j ∈ N there exist at most N
Whitney cubes Q ∈ Dj \ Dj−1 intersecting γ. This follows from the observation
that if |x1 − x2| ≥ δD(x1)/2, then the number of Whitney cubes N(x1, x2) that
intersect a quasihyperbolic geodesic joining x1, x2 satisfies
k(x1, x2) ≃ N(x1, x2).
See e.g. [14, p. 205].
Remark 2.3. If γ is a quasihyperbolic geodesic intersecting Q, then its length inside
Q is bounded, up to a multiplicative constant, by ℓ(Q). More precisely,H1(Q∩γ) .
ℓ(Q).
2.1. Existence of geodesics. Here, we prove that for domains D satisfying the
quasihyperbolic condition (2.1) the quasihyperbolic geodesics land surjectively onto
the boundary ∂D.
Lemma 2.1. Suppose that there exists a point x0 ∈ D with∫
D
k(x, x0)
2 dx <∞.
Let z ∈ ∂D and zn ∈ D be a sequence with zn → z. Also, consider quasihyperbolic
geodesics γn : [0, 1] → D from x0 to zn, parametrized by rescaled arc-length. Then
there exists a subsequence of γn that converges uniformly to a geodesic γ ⊂ D,
landing at z.
Moreover, if zn ∈ ∂D is a sequence with zn → z ∈ ∂D, and γn are quasihyperbolic
geodesics from x0 to zn parametrized by rescaled arc-length, then there exists a
subsequence of γn that converges uniformly to a geodesic γ from x0 to z.
In other words, after reparametrizing, γ|[0,1) ⊂ D and γ(1) = z. This lemma
shows that each point z ∈ ∂D is the landing point of a quasihyperbolic geodesic.
Remark 2.4. The proof is very similar to the discussion in [11, pp. 273–274], where
under the same assumptions the authors construct curves that behave like quasihy-
perbolic geodesics and satisfy the conclusion of the lemma. Here, we actually prove
that the quasihyperbolic geodesics do in fact yield the conclusion, and that we do
not need to construct new curves.
Proof. The second part of the lemma can be proved exactly as the first part, so we
omit that proof.
Let zn ∈ D be a sequence with zn → z ∈ ∂D, and consider the quasihyperbolic
geodesics γn : [0, 1]→ D, parametrized by rescaled arc-length, such that γn(0) = x0
and γn(1) = zn. We first claim that these geodesics have uniformly bounded length.
This will follow from the next lemma.
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Lemma 2.2. Let γ be a quasihyperbolic geodesic passing through x0. Let j0 ∈ N,
and consider β to be a subpath of γ intersecting only Whitney cubes Q ∈ W(D)
with j(Q) ≥ j0. Then
length(β) . j
−1/2
0 .
In particular, D is bounded.
Proof. By Remark 2.3, we have
length(β) .
∑
Q:Q∩β 6=∅
ℓ(Q) =
∑
Q:Q∩β 6=∅
ℓ(Q)j(Q)j(Q)−1
≤
 ∑
Q∈W(D)
ℓ(Q)2j(Q)2
1/2 ∑
Q:Q∩β 6=∅
j(Q)−2
1/2 .
The first term is comparable to ‖k(·, x0)‖L2(D). Indeed, since
⋃∞
j=1
⋃
Q:j(Q)=j Q =
D, we have∫
D
k(x, x0)
2 dx =
∞∑
j=1
∑
Q:j(Q)=j
∫
Q
k(x, x0)
2 dx
≃
∞∑
j=1
∑
Q:j(Q)=j
ℓ(Q)2j(Q)2 =
∑
Q∈W(D)
ℓ(Q)2j(Q)2.
Here, we also used the fact that k(x, x0) ≃ j(Q) for all x ∈ Q with j(Q) > 1, since
the quasihyperbolic diameter of Q is at most 1. Moreover, in the case j(Q) = 1,
we also have
∫
Q
k(x, x0)
2 dx ≃ ℓ(Q)2j(Q)2.
Hence, we have
length(β) .
 ∑
Q:Q∩β 6=∅
j(Q)−2
1/2
and it suffices to control the latter term. Using Remark 2.2, we may write∑
Q:Q∩β 6=∅
j(Q)−2 =
∑
j≥j0
∑
Q:Q∩β 6=∅
j(Q)=j
j−2 ≃
∞∑
j≥j0
j−2 ≃ j−10 .
The conclusion follows. 
Now, we return to the proof of Lemma 2.1. The paths γn have uniformly bounded
lengths by Lemma 2.2 and they stay in the set D, which is compact again by
Lemma 2.2. Applying the Arzela`-Ascoli theorem, we may extract a subsequence,
still denoted by γn, that converges uniformly to a rectifiable path γ : [0, 1] → D,
with γ(0) = x0 and γ(1) = z; see [4, Theorem 2.5.14] for a detailed argument. We
parametrize γ : [0, 1] → D by rescaled arc-length, and we now have to show that
γ|[0,1) is a geodesic.
For this, it suffices to prove that γ|[0,1) is a path contained in D. It is a general
fact that if a sequence of geodesics ζk in a length space (X, d) converges uniformly
to a path ζ in X , then ζ is also a geodesic; see [4, Theorem 2.5.17]. In our case,
one needs to apply this principle to all compact subpaths ζ ⊂⊂ D of the path γ,
and suitable subpaths ζk of γk converging to ζ.
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Now, we argue that γ|[0,1) ⊂ D. Suppose, for the sake of contradiction, that
there exists some time t1 ∈ (0, 1) such that γ(t1) ∈ ∂D, and let t1 be the first such
time. Note that the curve γ cannot be constant on (t1, 1), since it is parametrized
by arc-length. Hence, either there exists t2 ∈ (t1, 1) such that γ(t2) ∈ D, or
{γ(t) : t ∈ [t1, 1]} is a non-trivial continuum contained in ∂D. The first scenario
can be easily excluded, because the quasihyperbolic geodesics connecting x0 to
points in a small neighborhood of γ(t2) must remain in a fixed compact subset of
D. Thus, the limiting path γ|[0,t2] is also contained in the same compact set, and
it cannot meet ∂D, a contradiction.
In the second case, suppose that there exists a point y = γ(t3) ∈ ∂D, t3 ∈ (t1, 1),
with y 6= z. Let yn ∈ γn be points converging to y, and let βn be the subpath of
γn from yn to zn.
Then, for each j0 ∈ N, there exists n0 ∈ N such that for n ≥ n0 the path βn
intersects only cubes Q with j(Q) ≥ j0. Indeed, otherwise there exists a fixed cube
Q that is intersected by βn infinitely often. Suppose this is the case for all n ∈ N,
by passing to a subsequence. Then
k(x0, zn) ≤ k(x0, Q) + 1 + k(Q, zn) ≤ k(x0, Q) + 1 + k(yn, zn),
but this is strictly less than k(x0, zn) = k(x0, yn) + k(yn, zn) for large n, since
yn → y ∈ ∂D; recall that γn is a geodesic passing through x0, yn, and zn. This is
a contradiction.
We fix j0, n0 ∈ N, as above. Using Lemma 2.2 we conclude that
|yn − zn| ≤ length(βn) . j−1/20
for n ≥ n0. Taking limits, it follows that y = z, a contradiction. 
Following [11], for each cube Q ∈ W(D) we define the shadow SH(Q) of Q to be
the set of points z ∈ ∂D such that there exists a quasihyperbolic geodesic passing
through Q and landing at z. We then define
s(Q) = diam(SH(Q)).
Lemma 2.3. We have ∑
Q∈W(D)
s(Q)2 .
∫
D
k(x, x0)
2 dx.
This was proved in [11, p. 275]. In the proof, the authors use the curves men-
tioned in Remark 2.4 instead of the quasihyperbolic geodesics, but the proof remains
the same, so we omit it.
2.2. Detours. In this section, our goal is to show that any path γ ⊂ C that
intersects ∂D can be modified near γ∩∂D to obtain a new path γ˜, called a “detour”
path, that intersects ∂D only at finitely many points and has certain properties.
We first need a technical lemma.
Two Whitney cubes Q1, Q2 ∈ W(D) with, say, ℓ(Q1) ≥ ℓ(Q2) are adjacent if a
side of Q2 is contained in a side of Q1. This allows the possibility that Q1 = Q2.
Lemma 2.4. For every ε > 0 and x ∈ ∂D there exists r > 0 such that for all points
y ∈ B(x, r) ∩ ∂D there exist adjacent Whitney cubes Qx, Qy with x ∈ SH(Qx),
y ∈ SH(Qy), and ℓ(Qx) ≤ ε, ℓ(Qy) ≤ ε. Let γx, γy be quasihyperbolic geodesics
from x0 to x, y, passing through Qx, Qy, respectively. Also, consider the subpaths
βx, βy of γx, γy from Qx, Qy to x, y, respectively. Then Qx and Qy can be chosen
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so that we also have βx, βy ⊂ B(x, ε) and βx, βy intersect only Whitney cubes Q
with ℓ(Q) ≤ ε.
Proof. We fix ε > 0, j0 ∈ N, and let Qix, i ∈ I, be the family of cubes such that
x ∈ SH(Qix) for i ∈ I and j(Qix) = j0. Since D is a bounded domain (by Lemma
2.2), this is a finite family, but it also depends on j0. Consider a quasihyperbolic
geodesic γix from x0 to x passing through Q
i
x. By Lemma 2.2, we may choose a
sufficiently large j0 so that for each i ∈ I, whenever γix is a geodesic from x0 to x
passing through Qix, and β
i
x is the subpath from Q
i
x to x, we have length(β
i
x) < ε/2
(all Whitney cubes Q intersected by βix must satisfy j(Q) ≥ j0). In particular, each
point of βix ⊂ B(x, ε) is very close to ∂D, and we may also have (by choosing an
even larger j0) that β
i
x intersects only Whitney cubes Q with ℓ(Q) ≤ ε. This also
implies that ℓ(Qix) ≤ ε.
By choosing an even larger j0 we may achieve the same conclusions for all Whit-
ney cubes Qy adjacent to Q
i
x, since they satisfy j(Qy) ≥ j0 − 1. Namely, if γy is
a quasihyperbolic geodesic from x0 to a point y ∈ ∂D passing through a cube Qy
adjacent to some Qix, i ∈ I, then for the subpath βy of γy from Qy to y we have
that length(βy) < ε/2, and βy intersects only Whitney cubes with ℓ(Qy) ≤ ε.
To finish the proof, we claim that there exists r > 0 such that if y ∈ B(x, r)∩∂D,
then there exists i ∈ I and a Whitney cube Qy, adjacent to Qix, such that y ∈
SH(Qy). Assume that this fails. Then there exists a sequence ∂D ∋ yn → x
such that for all cubes Q adjacent to Qix, i ∈ I, we have yn /∈ SH(Q). Consider
a geodesic γn from x0 to yn. By Lemma 2.1, after passing to a subsequence, γn
converges uniformly to a geodesic γ from x0 to x. Hence γ intersects some cube
Qix, for some i ∈ I. By uniform convergence, for sufficiently large n we must have
that γn intersects a cube adjacent to Q
i
x, a contradiction. 
Lemma 2.5. Let γ : [0, 1] → C be a simple path connecting two points a, b ∈ C.
Then for each ε > 0 we can find a detour path γ˜ contained in the ε-neighborhood
of γ, connecting a and b, such that
(i) γ˜ ∩ ∂D is a finite set,
(ii) the complementary components of D intersected by γ˜ are also intersected by
γ, and
(iii) if Q ∩ γ˜ 6= ∅, then either
Q ∩ γ 6= ∅, or
SH(Q) ∩ γ 6= ∅ and ℓ(Q) ≤ ε.
In other words, γ˜ stays arbitrarily close to γ, connects the same points, it does
not intersect any “new” complementary components of D and it does not intersect
any “new” Whitney cubes, with the exception of some “small” Whitney cubes
whose shadow intersects γ. Sets like ∂D that admit such “detours” (with similar
properties) were formalized and studied by the first author in [21]. The proof of
Lemma 2.5 relies crucially on Lemma 2.4.
Proof. If γ ∩ ∂D = ∅ then the statement is trivial, so we assume that γ ∩ ∂D 6= ∅.
We fix ε > 0 and for each x ∈ γ ∩ ∂D we consider a radius rx such that the
conclusion of Lemma 2.4 is true for points y ∈ B(x, rx) ∩ ∂D. Note that D is
bounded, by Lemma 2.2, hence ∂D is compact. We cover γ ∩ ∂D by finitely many
balls Bi := B(xi, ri), i = 1, . . . , N , where ri = rxi .
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Suppose first that a, b /∈ ∂D. By choosing possibly smaller balls, we may assume
that a, b /∈ Bi for all i ∈ {1, . . . , N}. We consider the first entry point of γ into
∂D, as it travels from a to b. Assume that this point is y1 ∈ B1 ∩ ∂D, and let
z1 ∈ B1 ∩ ∂D be the last exit point of γ from B1 ∩ ∂D. By Lemma 2.4 we can find
paths γy1 , γz1 connecting y1, z1 to x1, respectively, such that both paths intersect
only small Whitney cubes of D, whose shadow intersects γ. Also the paths γy1 , γz1
are contained in B(x1, ε) so they are ε-close to γ, and they only intersect ∂D at
the points y1, x1, z1. We set γ˜ to be the subpath of γ from a to y1, concatenated
with γy1 and γz1 .
We now repeat the procedure with γ replaced by its subpath from z1 to b. Note
that either z1 ∈ B1, or z1 ∈ ∂B1. In the first case, we necessarily have that there
exists a point z′1 ∈ γ “after” z1 with z′1 /∈ ∂D, so the same argument can be
repeated, as in the previous paragraph, with a replaced by z′1. If z1 ∈ ∂B1 ∩ ∂D,
then there exists a point, say, x2 such that z1 ∈ B2∩∂D = B(x2, r2)∩∂D, since the
balls Bi, i ∈ {1, . . . , N} cover γ ∩ ∂D. We then set y2 = z1, and let z2 ∈ B2 ∩ ∂D
be the last exit point of γ from B2 ∩ ∂D. Then we concatenate γ˜ with the paths
γy2 and γz2 given by Lemma 2.4, which connect y2 and z2 to x2, respectively. One
continues in this way to obtain a path from a to b.
The cases a ∈ ∂D or b ∈ ∂D can be treated with a similar argument. Namely.
if a ∈ ∂D, then one can use the same argument with y1 replaced by a. 
2.3. Absolute continuity lemmas. This subsection contains some absolute con-
tinuity results that will be crucial for the proof of the main theorem.
Let D ⊂ C be an open set. A function f : D → C lies the Sobolev space
W 1,2(D) if f ∈ L2(D) and f has weak derivatives of first order that lie in L2(D).
In particular, if f : D → f(D) ⊂ C is a conformal map with bounded domain and
range, then f ∈W 1,2(D), since∫
D
|f ′|2 = Area(f(D)) <∞.
Proposition 2.6. Suppose that D ⊂ C satisfies (2.1), and let f : D → C be a
function in W 1,2(D) that extends continuously to D. Also, let x ∈ C be arbitrary,
and denote by γr(t) = x + re
it, t ∈ [0, 2π], the circular path around x at distance
r. Then for a.e. r ∈ (0,∞) we have
H1(f(γr ∩ ∂D)) = 0.
This proposition is a variant of [21, Proposition 5.3], but the proof is almost
identical, and is based on the detours given by Lemma 2.4. In fact, the statement
and proof date back to the original work of Jones and Smirnov in [11, Proposition
1].
Corollary 2.7. Suppose that D ⊂ C satisfies (2.1). Then Area(∂D) = 0.
Proof. It suffices to apply Proposition 2.6 to the identity function and integrate
over all circles, using Fubini’s theorem. 
Lemma 2.8. Let Z ⊂ R be a closed set and f : Z → C be a continuous function.
Consider the linear extension of f in each complementary open interval of Z, which
yields a continuous extension f : R → C. Suppose that K ⊂ Z is a closed set
containing ∂Z. If f is locally absolutely continuous on each component of Z \K =
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int(Z) \ K and H1(f(K)) = 0, then f ′ = 0 a.e. on K and for all x, y ∈ R with
x ≤ y we have
|f(x)− f(y)| ≤
∫
[x,y]
|f ′|,
where the latter might be ∞. In particular, if (xi, yi), i ∈ N, are the components of
R \ Z, then
|f(x) − f(y)| ≤
∫
[x,y]∩(Z\K)
|f ′|+
∑
[x,y]∩(xi,yi) 6=∅
|f(xi)− f(yi)|,
for all x, y ∈ R.
Here, a C-valued function is absolutely continuous if its real and imaginary part
are. The proof of this lemma is elementary and can be derived from the Banach-
Zaretsky theorem [2, Theorem 4.6.2, p. 196]; see also [21, Lemma 6.4].
2.4. Distortion estimates. We end this section with distortion estimates onWhit-
ney cubes that will be used in subsequent sections. In the following, D,D∗ ( C are
domains and f : D → D∗ is a conformal map.
Lemma 2.9 (Koebe’s distortion theorem). Let z0 ∈ D, r ≤ dist(z0, ∂D), and
0 < c < 1. Then we have
(2.2) |f ′(x)| ≃ |f(y)− f(z)||y − z|
for all x, y, z ∈ B(z0, cr), with constants depending only on c. In particular, f is
bi-Lipschitz in B(z0, cr).
See for instance [22, Chapter 1.3, pp. 8–9] or [16, Theorem 2.9].
Lemma 2.10. Let Q ∈ W(D) be a Whitney cube and let A ⊂ Q be a dyadic cube
of deeper level. Then we have
diam(f(Q)) ≃ dist(f(Q), ∂D∗)
and
−
∫
A
|f ′| ≃ −
∫
Q
|f ′|,
with constants independent of f,Q,A.
Proof. Let r := dist(Q, ∂D) and let z0 be the center of Q. Note that by condition
(2) of the Whitney decomposition, there is a uniform constant 0 < c < 1 such that
Q ⊂ B(z0, cr) ⊂ B(z0, r) ⊂ D and we have r ≃ ℓ(Q). By the version of Koebe’s
distortion theorem in [22, Corollary 1.4], we have
(2.3) r|f ′(x)| ≃ dist(f(x), ∂f(B(x, r))) ≤ dist(f(x), ∂D∗)
for x ∈ Q. In fact, the reverse inequality is also true. Indeed, letting R =
dist(f(x), ∂D∗) and applying [22, Corollary 1.4] to the function f−1 onB((f(x), R)),
we obtain
R · |(f−1)′(f(x))| ≃ dist(x, ∂f−1(B(f(x), R))) ≤ dist(x, ∂D).
Hence,
dist(f(x), ∂D∗) = R . |f ′(x)|dist(x, ∂D) ≃ r|f ′(x)|.
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Now, let x ∈ Q with dist(f(Q), ∂D∗) = dist(f(x), ∂D∗), which is comparable to
r|f ′(x)|, in view of the above. Combining this with (2.2), we get
dist(f(Q), ∂D∗) ≃ r|y − z| |f(y)− f(z)|.
Applying the above with y, z ∈ Q satisfying |y − z| = ℓ(Q) yields
dist(f(Q), ∂D∗) .
r
ℓ(Q)
diam(f(Q)) . diam(f(Q)),
since r ≃ ℓ(Q). On the other hand, taking y, z ∈ Q with |f(y)−f(z)| = diam(f(Q))
gives
diam(f(Q)) .
|y − z|
r
dist(f(Q), ∂D∗) . dist(f(Q), ∂D∗).
This proves the first part of the lemma.
The second part follows directly from (2.2), fixing y ∈ A and noting that
|f ′(x)| ≃ |f ′(y)|(2.4)
for all x ∈ Q.

3. Circles map to circles
Let Ω,Ω∗ be domains in Ĉ and let f : Ω → Ω∗ be a conformal map. Then f
defines a bijection f∗ from the set of boundary components of Ω onto the set of
boundary components of Ω∗. Namely, if b is a component of ∂Ω, then b∗ := f∗(b) is
precisely the component of ∂Ω∗ such that {f(zn)}n∈N accumulates at b∗ whenever
{zn}n∈N is a sequence in Ω accumulating at b. We will denote by B the closed
component of Ĉ \Ω that is bounded by b, and similarly B∗ is bounded by b∗. The
map f∗ extends to the set of complementary components of Ω, and if b is mapped
to b∗, then B is mapped to B∗.
We will also need the following topological fact:
Remark 3.1. Let h : D → D be a homeomorphism. Then h naturally induces a
map ∂h from ∂D into the powerset of ∂D. Namely, for z0 ∈ ∂D, ∂h(z0) is the set
Ez0 ⊂ ∂D of accumulation points of h(w) as w → z0. A crucial property of ∂h is
that ∂h(z0) is a continuum (possibly degenerate) for each z0 ∈ ∂D. The analog of
this statement holds for homeomorphisms between two Jordan regions, instead of
self-homeomorphisms of D.
Moreover, suppose that h : Ω → Ω∗ is a homeomorphism between any domains
of Ĉ and b, b∗ are boundary components of Ω,Ω∗, respectively, that correspond to
each other under h (that is, h∗(b) = b∗). Then we can define a natural map ∂h
on b as before that takes points of b to closed subsets of b∗. If b, b∗ are points or
Jordan curves, then ∂h has to take points of b to continua of b∗. To see this, one
can reduce the statement to self-homeomorphisms of the unit disk using Moore’s
theorem [20], but we will not go into details.
We will also need the notion of fatness of a set. A set B ⊂ C is c-fat for some
constant c > 0 if
(3.1) Area(B ∩B(z, r)) ≥ cr2
for all z ∈ B and 0 < r ≤ diam(B). A collection of sets is uniformly fat if there
exists a uniform c > 0 such that each of the sets in the collection is c-fat. We also
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allow points to be considered fat (for any c > 0). Note that circular disks in the
plane are uniformly fat. The most important consequences of fatness that we will
use repeatedly are the following:
(F1) Suppose that B ⊂ C is a c-fat, closed, connected set, and assume it intersects
two concentric circles ∂B(z, r), ∂B(z,R) with 0 < r < R. Then there exists a
constant C > 0 depending only on c such that
Area(B ∩ (B(z,R) \B(z, r))) ≥ C(R − r)2.
To see that, note that by the connectedness of B there exists a point y ∈
B ∩ ∂B(z, (r +R)/2). Then B(y, (R− r)/2) ⊂ B(z,R) \B(z, r), so
Area(B ∩ (B(z,R) \B(z, r))) ≥ c (R− r)
2
4
.
(F2) For a ball B(z, r) and B as above define dr(B) = H1({s ∈ [0, r] : B ∩
∂B(z, s) 6= ∅}). Then (F1) implies that
Area(B ∩B(z, r)) & dr(B)2,
where the implicit constant depends only on c.
(F3) If B is as above and B ⊂ B(z, r), then dr(B) ≃ diam(B), with implicit
constant depending only on c. Indeed, trivially we have dr(B) ≤ diam(B),
and also the fatness implies that Area(B) ≃ diam(B)2 with implicit constant
depending only on c. On the other hand, since B ⊂ B(z, r), the area of B
can also be bounded from above by a multiple of diam(B) · dr(B). Hence,
diam(B)2 . diam(B)dr(B), which yields the conclusion.
(F4) Fatness is invariant under bi-Lipschitz maps. Namely, ifB is c-fat and T : B →
B∗ is L-bi-Lipschitz, then B∗ is c′-fat for a constant c′ depending only on c
and L. Moreover, fatness is invariant under scalings: if s > 0 and B is c-fat,
then sB = {sx : x ∈ B} is also c-fat. Combining these two facts with Koebe’s
distortion Theorem (Lemma 2.9), we obtain that fatness is invariant under
conformal maps in sufficiently small scales :
Let f be a conformal map on a domain D and consider z0 ∈ D,
r ≤ dist(z0, ∂D), and 0 < c0 < 1. If B ⊂ B(z0, c0r) is a c-fat set, then f(B)
is a c′-fat set for a constant c′ depending only on c and c0.
The next lemma is the heart of this section and implies that a conformal map
from a circle domain satisfying the quasihyperbolic condition onto another circle
domain cannot “squeeze” a boundary circle to a point.
Lemma 3.1. Let Ω be a circle domain with ∞ ∈ Ω and let f be a conformal map
from Ω onto another domain Ω∗, with f(∞) = ∞ ∈ Ω∗. Suppose that Ω satisfies
the quasihyperbolic condition and that the complementary components of Ω∗ are
uniformly fat. Then f∗ cannot map a boundary circle of Ω onto a single point.
Recall that Ω satisfies the quasihyperbolic condition, if there exists a ball B(0, R)
containing all complementary components of Ω and a point x0 ∈ D := B(0, R) ∩Ω
such that the quasihyperbolic condition∫
D
k(x, x0)
2 dx <∞
holds.
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Remark 3.2. If the complementary components of a domain Ω∗ ∋ ∞ are uniformly
fat, as in the statement of Lemma 3.1, then there are at most countably many of
them that are non-degenerate (i.e. contain more than one point). Moreover, their
diameters necessarily shrink to zero. To see this, note that the components B∗ of
C\Ω∗ are disjoint, and each of them satisfies Area(B∗) ≃ diam(B∗)2 by the fatness.
Comparing their area to the area of a big ball B(0, R) containing them gives the
desired conclusion.
Proof of Lemma 3.1. We argue by contradiction, assuming that there exists a disk
Σ in the complement of Ω that is mapped by f∗ to a point Σ∗. Since the quasihy-
perbolic condition is invariant under translations and scalings (see Remark 2.1), we
may assume that Σ is the unit disk D, and by postcomposing with a translation, we
may also assume that Σ∗ is the point 0 ∈ ∂Ω∗. We fix a small r > 0, and let H∗ be
the union of the complementary components of Ω∗ intersecting B(0, r), excluding
Σ∗ = 0. We also define H = (f∗)−1(H∗), W ∗ = B(0, r) ∩ Ω∗, and W = f−1(W ∗).
Here, H is the union of the complementary components of Ω corresponding to com-
ponents of H∗. However, to avoid introducing new notation, H and H∗ will also
be used to denote the corresponding collections of complementary components of
Ω and Ω∗, respectively.
We fix θ ∈ [0, 2π] and consider a ray γθ(t) = teiθ, 1 ≤ t ≤ t0, where t0 is the first
exit time of γθ from W ∪H . Then the set
f(γθ ∩W ) ∪
⋃
B∈H
B∩γθ 6=∅
B∗ ∪ {0}
is a continuum that connects 0 to ∂B(0, r). Note that the set {B ∈ H : B∩γθ 6= ∅}
might be uncountable, and this makes estimates impossible. For this reason, we
use a detour path γ˜θ given by Lemma 2.5, which approximates γθ and intersects
only finitely many complementary components of Ω. Based on that, we claim:
Claim 3.2. The detour paths γ˜θ given by Lemma 2.5 satisfy
r .
∑
Q∈W(D)
Q∩γ˜θ 6=∅
ℓ(Q) −
∫
Q
|f ′|+
∑
B∈H
B∩γ˜θ 6=∅
dr(B
∗),
where dr(B
∗) is the radial diameter of B∗, namely, H1({s ∈ [0, r] : B∗∩∂B(0, s) 6=
∅}). The constants in the above inequality are uniform and do not depend on r, θ,
or the detour path γ˜θ of γθ given by Lemma 2.5.
We shall use the claim now and prove it later. By Lemma 2.5, for a fixed ε > 0,
we may consider a detour γ˜θ of γθ that is contained in the ε-neighborhood of γθ
such that if Q ∈ W(D) is a Whitney cube with Q ∩ γ˜θ 6= ∅ but Q ∩ γθ = ∅, then
ℓ(Q) ≤ ε and SH(Q) ∩ γθ 6= ∅. Using Claim 3.2 and Lemma 2.5 (ii),(iii), we have
r .
∑
Q∈W(D)
Q∩γθ 6=∅
ℓ(Q) −
∫
Q
|f ′|+
∑
SH(Q)∩γθ 6=∅
ℓ(Q)≤ε
ℓ(Q) −
∫
Q
|f ′|+
∑
B∈H
B∩γθ 6=∅
dr(B
∗).
Note that the last sum is over a countable set, in view of Remark 3.2. The above
inequality persists, if γθ denotes the full ray (instead of the truncated one) from
0 to ∞. Now, the functions θ 7→ χQ∩γθ , θ 7→ χSH(Q)∩γθ , and θ 7→ χB∩γθ are
measurable.
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Upon integrating and applying Fubini’s theorem, we obtain:
2πr .
∑
Q∩W 6=∅
ℓ(Q) −
∫
Q
|f ′|
∫ 2π
0
χQ∩γθ dθ
+
∑
Q∈W(D)
ℓ(Q)≤ε
ℓ(Q) −
∫
Q
|f ′|
∫ 2π
0
χSH(Q)∩γθ dθ
+
∑
B∈H
dr(B
∗)
∫ 2π
0
χB∩γθ dθ
=: A1 +A2 +A3.
(3.2)
We now treat each of the terms separately.
For A1 note that ∫ 2π
0
χQ∩γθ dθ . diam(Q) ≃ ℓ(Q),
since Q ∩ D = ∅. Thus,
A1 .
∑
Q∩W 6=∅
∫
Q
|f ′| =
∫
⋃
Q∩W 6=∅Q
|f ′|
. Area
 ⋃
Q∩W 6=∅
Q
1/2 ·(∫⋃
Q∩W 6=∅Q
|f ′|2
)1/2
≃ Area
 ⋃
Q∩W 6=∅
Q
1/2 · Area
 ⋃
Q∩W 6=∅
f(Q)
1/2 ,
since f is conformal, and |f ′|2 is the Jacobian of f . As r→ 0, we have W ∗ → {0},
and thus W → ∂D in the Hausdorff sense. This implies that the first term above
is o(1). Now we treat the second term. By Lemma 2.10, we have diam(f(Q)) ≃
dist(f(Q), ∂Ω∗). On the other hand, if Q ∩W 6= ∅, then f(Q) intersects B(0, r),
so dist(f(Q), ∂Ω∗) ≤ r because 0 = Σ∗ ∈ ∂Ω∗. It follows that diam(f(Q)) . r,
and thus f(Q) ⊂ B(0, cr) for a uniform constant c > 0, whenever Q ∩W 6= ∅. We
therefore obtain
Area
 ⋃
Q∩W 6=∅
f(Q)
 ≤ Area(B(0, cr)) ≃ r2.
Summarizing, we have
A1 = o(r).(3.3)
Next, we treat A2. Exactly as in the computation for A1, note that∫ 2π
0
χSH(Q)∩γθ dθ . diam(SH(Q)) = s(Q),
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because the shadows SH(Q) ⊂ ∂Ω lie outside D. Therefore,
A2 .
∑
Q∈W(D)
ℓ(Q)≤ε
ℓ(Q)
(
−
∫
Q
|f ′|2
)1/2
s(Q)
.
(∫
⋃
ℓ(Q)≤ε Q
|f ′|2
)1/2 ∑
Q∈W(D)
ℓ(Q)≤ε
s(Q)2

1/2
.
Recall that r > 0 was fixed, and ε > 0 was arbitrary. As in the computation for A1,
the first term represents the area of a subset of f(D), and the latter is bounded.
The second term converges to 0 as ε → 0 by Lemma 2.3 and the quasihyperbolic
condition. Hence, A2 → 0 as ε→ 0.
Finally, we compute a bound for the term A3. As before, the integral term is
bounded by diam(B), so
A3 .
∑
B∈H
dr(B
∗)diam(B) ≤
( ∑
B∗∈H∗
dr(B
∗)2
)1/2(∑
B∈H
diam(B)2
)1/2
.
Using property (F2) we obtain dr(B
∗)2 . Area(B∗ ∩ B(0, r)). Therefore, the first
sum is bounded by Area(B(0, r))1/2 ≃ r. Since each B ∈ H is a circle (or a point),
we trivially have diam(B)2 ≃ Area(B). Therefore, the second term is comparable
to
Area
( ⋃
B∈H
B
)1/2
.
As r → 0, all components B ∈ H are contained in arbitrarily small neighborhoods
of ∂D, hence the above area term is o(1). Summarizing, A3 = o(r).
Therefore, by (3.2), (3.3), the vanishing of A2, and the preceding paragraph we
have
r . A1 +A3 = o(r),
a contradiction. 
Proof of Claim 3.2. A crucial ingredient in the proof is the following inequality:∣∣∣∣−∫
Q1
f − −
∫
Q2
f
∣∣∣∣ . ℓ(Q1) −∫
Q1
|f ′|+ ℓ(Q2) −
∫
Q2
|f ′|,(3.4)
for all adjacent dyadic cubes Q1, Q2 ⊂ Ω, with 14ℓ(Q2) ≤ ℓ(Q1) ≤ 4ℓ(Q2). Here,
Q1 ⊂ Q2 is allowed. See [21, Lemma 5.1] for a proof.
For simplicity, we denote γ = γ˜θ. The set
f(γ ∩W ) ∪
⋃
B∈H
B∩γ 6=∅
B∗ ∪ {0}
is a continuum that connects 0 to ∂B(0, r). The curve γ starts at a point in ∂D,
it intersects finitely many components B ∈ H , and terminates either at a point of
f−1(∂B(0, r) ∩ Ω∗), or at a point lying in some B ∈ H , such that B∗ intersects
∂B(0, r). If γ intersects some other B′ ∈ H with B′∗ ∩ ∂B(0, r) 6= ∅, then we
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truncate γ to the first entry point in such a complementary component. Hence,
all components B ∈ H intersected by γ satisfy B∗ ⊂ B(0, r), except possibly for a
component B that contains an endpoint of γ.
We consider finitely many subpaths of γ as follows. We let γ1 be the subpath
of γ from x1 ∈ ∂D =: B0 to the first entry point y1 of γ into some component
B1 ∈ H . Then γ2 is the subpath from the last exit point x2 ∈ B1 of γ from B1
until the first entry point y2 into some B2 ∈ H , and so on. Since γ intersects ∂Ω
at finitely many points by Lemma 2.5(i), this process terminates with a last path
γN+1 from the last exit point xN+1 ∈ BN of γ to a point yN+1 that lies either in
f−1(∂B(0, r) ∩Ω∗), or in some BN+1 ∩ ∂Ω with B∗N+1 ∩ ∂B(0, r) 6= ∅.
Suppose in what follows we are in the second scenario, and we will make some
remarks in the end for the first scenario.
Note that the subpaths γi, i ∈ {1, . . . , N + 1}, are contained in Ω, and the
complementary components B1, . . . , BN , BN+1 are distinct, by construction. We
may also suppose that the paths γ1, . . . , γN+1 intersect disjoint sets of Whitney
cubes of D, otherwise we concatenate them suitably inside Whitney cubes, so as to
obtain a new family of paths with the above properties; the resulting paths will not
be subpaths of the original path γ anymore, but the important property is that all
the Whitney cubes that these paths intersect are also intersected by the path γ.
For each path γi we may find a small Whitney cube Qi−1 with Qi−1 ∩ γi 6= ∅
such that Qi−1 is very close to Bi−1, and the average −
∫
Qi−1
f is a complex number
δ-close to B∗i−1 for a small fixed δ > 0. Similarly, there exists Qi near Bi with
Qi ∩ γi 6= ∅ such that −
∫
Qi
f is δ-close to B∗i . On the other hand, the difference
−
∫
Qi
f−−∫
Qi−1
f is estimated using (3.4) along a sequence of adjacent Whitney cubes
intersecting γi, by a constant multiple of∑
Q∩γi 6=∅
ℓ(Q) −
∫
Q
|f ′|.
Putting these estimates together and noting that no Whitney cube is used twice,
we have
r ≤
N∑
i=1
(
δ +
∣∣∣∣∣−
∫
Qi−1
f − −
∫
Qi
f
∣∣∣∣∣+ δ + diam(B∗i )
)
+
(
δ +
∣∣∣∣∣−
∫
QN
f − −
∫
QN+1
f
∣∣∣∣∣+ δ + dr(B∗N+1)
)
(3.5)
. 2(N + 1)δ +
∑
Q∩γ 6=∅
ℓ(Q) −
∫
Q
|f ′|+
N∑
i=1
diam(B∗i ) + dr(B
∗
N+1).
Whenever B∗i ⊂ B(0, r), we have diam(B∗i ) ≃ dr(B∗i ) by the property (F3). Hence,
r . 2(N + 1)δ +
∑
Q∩γ 6=∅
ℓ(Q) −
∫
Q
|f ′|+
∑
B∈H
B∩γ 6=∅
dr(B
∗).
Note that δ > 0 was arbitrary, and N is fixed, so the conclusion follows as δ → 0.
This completes the proof in this case.
Now, if we are in the first scenario, we have that f(yN+1) ∈ ∂B(0, r)∩Ω∗, and we
only need to treat the last curve γN+1. Note that this time we cannot immediately
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approximate f(yN+1) ∈ ∂B(0, r) with −
∫
Q
f , where Q ∩ γ 6= ∅, since the Whitney
cubes near yN+1 ∈ Ω are not arbitrarily small. Instead, using the previous notation
we let QN+1 be the Whitney cube that intersects γ and contains yN+1, and we
consider a sequence of dyadic cubes of consecutive levels QN+1 = A0 ⊃ A1 ⊃ . . .
converging to yN+1. Using repeatedly (3.4) we have∣∣∣∣∣−
∫
QN+1
f − f(yN+1)
∣∣∣∣∣ .∑
j≥0
ℓ(Aj) −
∫
Aj
|f ′|.
By Lemma 2.10, we have −
∫
Aj
|f ′| ≃ −∫A0 |f ′| for all j ≥ 1, hence the above is bounded
by a constant multiple of ℓ(QN+1) −
∫
QN+1
|f ′|. Replacing δ+dr(B∗N+1) in (3.5) with
|−∫QN+1 f − f(yN+1)| allows now the same estimates and yields the conclusion. 
Remark 3.3. The same proof, with some modifications, shows that f cannot map
a continuum E ⊂ ∂Ω to a point p ∈ ∂Ω∗. That is, ∂f−1(p) cannot be a continuum,
for any p ∈ ∂Ω∗, where ∂f−1 is defined in Remark 3.1.
4. Points map to points
In this section we prove that a conformal map from a circle domain satisfying
the quasihyperbolic condition onto another circle domain must map point boundary
components to point boundary components. In fact, we prove a more general result.
Lemma 4.1. Let Ω be a circle domain with ∞ ∈ Ω and let f be a conformal
map from Ω onto another domain Ω∗, with f(∞) = ∞ ∈ Ω∗. Suppose that Ω
satisfies the quasihyperbolic condition and that the complementary components of
Ω∗ are uniformly fat. Then f∗ cannot map a point boundary component of Ω onto
a non-degenerate component of ∂Ω∗.
The proof is very similar to the proof of Lemma 3.1, so we omit some of the
details.
Proof. Suppose that the point boundary component Σ = 0 ∈ ∂Ω is mapped onto
some component Σ∗, with diam(Σ∗) = 1, after rescaling. We fix a small r > 0, and
consider the annulus Ar = A(0; r/2, r) := {z : r/2 < |z| < r}. We denote by H
the union of the complementary components of Ω intersecting Ar, and by H
∗ the
union of the corresponding components of Ĉ\Ω∗. Here H and H∗ will also be used
to denote the corresponding collections of components. We also define W = Ar ∩Ω
and W ∗ = f(Ar ∩ Ω).
We fix ρ ∈ [r/2, r], and consider a circle γρ(t) = ρeit, t ∈ [0, 2π]. Then the set
f(γρ ∩W ) ∪
⋃
B∈H
B∩γρ 6=∅
B∗
is a continuum that “surrounds” Σ∗. Applying Lemma 2.5, we may obtain the
analog of Claim 3.2:
diam(Σ∗) = 1 .
∑
Q∈W(D)
Q∩γ˜ρ 6=∅
ℓ(Q) −
∫
Q
|f ′|+
∑
B∈H
B∩γ˜ρ 6=∅
diam(B∗),
for all detours γ˜ρ of γρ and for all ρ ∈ [r/2, r]. The implicit constant is independent
of r, ρ and of the detour γ˜ρ of γρ.
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As in the proof of Lemma 3.1, by Lemma 2.5 for each ε > 0 we may obtain a
suitable detour γ˜ρ of γρ, and the properties of γ˜ρ yield
1 .
∑
Q∈W(D)
Q∩γρ 6=∅
ℓ(Q) −
∫
Q
|f ′|+
∑
SH(Q)∩γρ 6=∅
ℓ(Q)≤ε
ℓ(Q) −
∫
Q
|f ′|+
∑
B∈H
B∩γρ 6=∅
diam(B∗).
Now, we integrate over ρ ∈ [r/2, r] and we obtain
r .
∑
Q∩W 6=∅
ℓ(Q) −
∫
Q
|f ′|ℓ(Q) +
∑
Q∈W(D)
ℓ(Q)≤ε
ℓ(Q) −
∫
Q
|f ′|s(Q) +
∑
B∈H
diam(B∗)δr(B)
=: A1 +A2 +A3,
where δr(B) := H1({s ∈ [r/2, r] : B ∩ ∂B(0, s) 6= ∅}).
The middle term A2 vanishes as ε → 0, using the quasihyperbolic condition,
exactly as in the proof of Lemma 3.1. The first term A1 is bounded from above by
Area
 ⋃
Q∩W 6=∅
Q
1/2 ·Area
 ⋃
Q∩W 6=∅
f(Q)
1/2 .
Note that the Whitney cubes intersecting W = Ar ∩ Ω must have sidelength
bounded by a constant multiple of r, since 0 ∈ ∂Ω. Hence, the first factor is
O(r). The second factor is o(1) as r → 0, since W ∗ → ∂Σ∗ as r → 0. Hence,
A1 = o(r). Finally, A3 is bounded above by( ∑
B∗∈H∗
diam(B∗)2
)1/2(∑
B∈H
δr(B)
2
)1/2
.
By the fatness condition, the first factor is bounded by a constant multiple of
the area of the components B∗ ∈ H∗. Since all these components are contained in
arbitrarily small neighborhoods of Σ∗ as r→ 0, it follows that the contribution here
is o(1). The second factor, by the fatness of disks and property (F1), is bounded
by a constant multiple of the square root of the area of the annulus Ar, so the
contribution is O(r). Hence, A2 = o(r).
Summarizing, r . A1 +A3 = o(r), a contradiction. 
Remark 4.1. A slight modification of the proof shows that a point p ∈ ∂Ω cannot
be mapped by f onto a non-degenerate continuum E ⊂ ∂Ω∗, in the sense that
∂f(p) = E, where ∂f is as in Remark 3.1.
5. Continuous extension
We now have everything we need in order to prove homeomorphic extension to
the boundary.
Theorem 5.1. Let Ω be a circle domain with ∞ ∈ Ω and let f be a conformal map
from Ω onto another domain Ω∗, with f(∞) =∞ ∈ Ω∗. Suppose that Ω satisfies the
quasihyperbolic condition and that the complementary components of Ω∗ are uni-
formly fat (closed) Jordan regions or points. Then f extends to a homeomorphism
from Ω onto Ω∗.
The proof is based on Lemmas 3.1 and 4.1, and also on Remarks 3.3 and 4.1.
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Proof. First we prove that f extends continuously to Ω. Let Σ be a component
of Ĉ \ Ω. If Σ is a point, then Σ∗ = f∗(Σ) has to be a singleton, by Lemma 4.1.
Hence, in this case f extends continuously to Ω∪Σ. If Σ is a disk, then by Lemma
3.1 the component Σ∗ is also a disk. Suppose that f does not extend continuously
to a point p ∈ ∂Σ. Then, as Ω ∋ z → p, the images f(z) have to accumulate in at
least two distinct points of ∂Σ∗. Since f : Ω→ Ω∗ is a homeomorphism, there has
to exist a non-degenerate continuum E ⊂ ∂Σ∗ such that ∂f(p) = E, in the sense
of Remark 3.1. This contradicts Remark 4.1. Therefore, f extends continuously to
Ω. Note that f(Ω) = Ω∗.
Now, we wish to show that f is injective on Ω. Since Ω is compact, it will
then follow that we have a homeomorphism from Ω onto Ω∗, as desired. Note that
each component of ∂Ω is mapped continuously onto a component of ∂Ω∗, and the
correspondence of the components is one-to-one, because f∗ is bijective. Since point
boundary components are mapped to point boundary components, it follows that
f is injective there. Hence, it suffices to prove that f is injective when restricted to
a circle component ∂Σ of ∂Ω.
Suppose that this is not the case. Then there exist two points on ∂Σ that are
mapped to a single point p ∈ ∂Σ∗. Since f−1 : Ω∗ → Ω is a homeomorphism,
by Remark 3.1 there exists a whole non-degenerate continuum E ⊂ ∂Σ such that
∂f−1(p) = E. This now contradicts Remark 3.3. 
Remark 5.1. The statement is not true if the complementary components of Ω∗
are not assumed to be (closed) Jordan regions or points. To see this, consider a
conformal map from the complement of a disk to the complement of a figure eight.
6. Quasiconformal extension
Let Ω be a circle domain with ∞ ∈ Ω, and suppose that Ω satisfies the quasihy-
perbolic condition. The goal of this section is to prove that there exists a uniform
constantK such that every conformal map of Ω onto another circle domain extends
to a K-quasiconformal homeomorphism of Ĉ.
6.1. Homeomorphic extension by reflection. Let f : Ω → Ω∗ be a conformal
map of Ω onto another circle domain Ω∗, and assume without loss of generality
that f(∞) = ∞ ∈ Ω∗. By Theorem 5.1, the map f extends to a homeomorphism
of Ω onto Ω∗, which we still denote by the letter f . Our goal now is to use repeated
Schwarz reflections to extend f to a homeomorphism of Ĉ that conjugates the
Schottky groups of Ω and Ω∗. First, we need some notation and definitions.
Let {γj} be the collection of disjoint circles in ∂Ω, and for each j, denote by
Rj : Ĉ→ Ĉ the reflection across the circle γj , i.e.,
Rj(z) := aj +
r2j
z − aj ,
where aj is the center and rj is the radius of the circle γj .
Definition 6.1. The Schottky group Γ(Ω) is the free discrete group of Mo¨bius and
anti-Mo¨bius transformations generated by the family of reflections {Rj}.
Thus Γ(Ω) consists of the identity map and all transformations of the form
T = Ri1 ◦ · · · ◦ Rik where ij 6= ij+1 for j = 1, . . . , k − 1. With this representation,
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we define the length of T by l(T ) := k. The length of the identity map is defined
to be zero.
Now, for each k, consider the union of reflected domains
Ωk :=
⋃
l(T )≤k
T (Ω),
where the union is taken over all elements T of the Schottky group Γ(Ω) with length
0 ≤ l(T ) ≤ k. It is easy to see that for each k the set ⋃l(T )≤k T (Ω) is closed, from
which we deduce that
(6.1) Ωk =
⋃
l(T )≤k
T (Ω).
Moreover, it is true that
∂Ωk =
⋃
l(T )≤k
T (∂Ω)(6.2)
for each k ∈ N. We will also need the following property of the domains Ωk.
Proposition 6.1. The area of each disk in the complement of Ωk tends to zero as
k →∞.
Proof. We first prove the result in the case where ∂Ω contains only finitely many
circles.
A simple calculation shows that the absolute value of the Jacobian of Rj is
r4j /|z−aj|4, which is less than r4j /d4 < 1 on
⋃
k 6=j γk, where d > 0 is the infimum of
the distances between aj and each γk, k 6= j. Now, since there are only finitely many
circles γj , the ratio r
4
j /d
4 can be bounded uniformly away from 1, independently of
j, so that the area of each disk decreases by a definite amount after each reflection.
This proves the result in this case. Our computation also shows that the reflection
from the exterior to the interior of a circle is area-decreasing.
For the general case, suppose for a contradiction that there exists some ε > 0
and disks Dk ⊂ Ĉ \ Ωk, k ∈ N, such that for each k, Dk has area larger than ε.
Note that then each Dk is necessarily obtained by reflections of a disk Bk in Ĉ \Ω
with area larger than ε along finitely many circles, each of them bounding a disk
with area also larger than ε. This is because these reflections are area-decreasing,
by the first part of the proof. However, there are only finitely many disks in Ĉ \Ω
with area bigger than ε, so Dk is obtained by reflecting along the same finite family
of circles for all k ∈ N. The first part of the proof then gives a contradiction. 
Now, if f : Ω→ Ω∗ is a conformal map of Ω onto another circle domain Ω∗ that
extends to a homeomorphism of Ω onto Ω∗, we denote by {γ∗j } the collection of
boundary circles in ∂Ω∗, enumerated in such a way that f(γj) = γ
∗
j for all j. Also,
let R∗j be the reflection across the circle γ
∗
j , and Γ(Ω
∗) be the Schottky group of
Ω∗. Finally, we denote by T ∗ the element of Γ(Ω∗) corresponding to T ∈ Γ(Ω).
Lemma 6.2. The map f : Ω→ Ω∗ extends to a unique homeomorphism f˜ : Ĉ→ Ĉ
that conjugates the Schottky groups of Ω and Ω∗, i.e.,
T ∗ = f˜ ◦ T ◦ f˜−1 (T ∈ Γ(Ω)).
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Proof. First define f˜ on Ω1 by
f˜ :=
{
f on Ω
R∗j ◦ f ◦Rj on Rj(Ω).
Next, extend f˜ to Ω2 by defining
f˜ := (R∗k ◦R∗j ) ◦ f ◦ (Rj ◦Rk) on Rk ◦Rj(Ω).
Repeating this process defines a homeomorphism f˜ on
⋃
k Ωk. Clearly, the map f˜
is conformal on Ω∞ :=
⋃
k Ωk and conjugates the Schottky groups Γ(Ω) and Γ(Ω
∗).
Now, by Proposition 6.1, the set Ω∞ is dense in Ĉ, so that f˜ extends to a
homeomorphism of the whole sphere that conjugates Γ(Ω) and Γ(Ω∗). To prove
uniqueness, suppose that g : Ĉ → Ĉ is another homeomorphic extension of f that
conjugates the Schottky groups of Ω and Ω∗. Then for T ∈ Γ(Ω) and z ∈ Ω, we
have
f˜(T (z)) = T ∗(f˜(z)) = T ∗(g(z)) = g(T (z)),
since f˜ = f = g on Ω and both f˜ and g conjugate the Schottky groups of Ω and
Ω∗. It follows that f˜ = g on Ω∞ and thus f˜ = g on the whole sphere by continuity,
again using the fact that Ω∞ is dense. 
6.2. Quasiconformality. Our goal now is to show that the map f˜ of Lemma 6.2
is actually K-quasiconformal on Ĉ, for some K depending only on Ω. First, we give
a brief introduction to quasiconformal mappings.
Let K ≥ 1, let U, V be domains in C and let f : U → V be an orientation-
preserving homeomorphism. We say that f is K-quasiconformal on U if it belongs
to the Sobolev space W 1,2loc (U) and satisfies the Beltrami equation
∂zf = µ∂zf
almost everywhere on U , for some measurable function µ : U → D with ‖µ‖∞ ≤
K−1
K+1 . In this case, the function µ is called the Beltrami coefficient of f and is
denoted by µf . An orientation-preserving homeomorphism of the Riemann sphere
Ĉ is K-quasiconformal if it is K-quasiconformal in local coordinates, using the
standard conformal charts of Ĉ.
A mapping is conformal if and only if it is 1-quasiconformal. This is usually
referred to as Weyl’s lemma. Furthermore, inverses of K-quasiconformal mappings
are also K-quasiconformal, and the composition of a K1-quasiconformal mapping
and a K2-quasiconformal mapping is K1K2-quasiconformal. Another well-known
property of quasiconformal mappings is that they preserve sets of area zero. For
more background on quasiconformal mappings, we refer the reader to [15].
The following theorem is of central importance in the theory of quasiconformal
mappings.
Theorem 6.3 (Measurable Riemann mapping theorem). Let U be a domain in Ĉ
and let µ : U \ {∞} → D be a measurable function with ‖µ‖∞ < 1. Then there
exists a quasiconformal mapping f on U such that µ = µf , i.e.,
∂zf = µ∂zf
almost everywhere on U\{∞}. Moreover, the map f is unique up to postcomposition
with a conformal map.
We can now state the main result of this section.
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Theorem 6.4. Let Ω be a circle domain containing ∞ and satisfying the quasihy-
perbolic condition. Then there exists a constant K ≥ 1 depending only on Ω such
that every conformal map of Ω onto another circle domain Ω∗ extends to a unique
K-quasiconformal mapping of Ĉ that conjugates the Schottky groups of Ω and Ω∗,
in the sense of Lemma 6.2.
The proof of Theorem 6.4 is based on conformal modulus estimates.
If A ⊂ C is a (non-degenerate) topological annulus, then A is conformally equiv-
alent to a unique circular annulus of the form A(0; 1, r) = {z : 1 < |z| < r} for
some r > 1. We define the conformal modulus of A by
Mod(A) :=
1
2π
log r.
The conformal modulus Mod(A) is a conformal invariant: if two (non-degenerate)
annuli A and A′ are conformally equivalent, then they have the same conformal
modulus.
We shall need the following properties of the conformal modulus.
(M1) (Monotonicity) If A′ is an annulus contained in A, then Mod(A′) ≤Mod(A).
(M2) (Superadditivity (or Gro¨tzsch inequality) [15, Chapter I, Lemma 6.3]) If
A1, . . . , An are disjoint nested annuli contained in A, then
Mod(A) ≥
n∑
j=1
Mod(Aj).
(M3) (Teichmu¨ller’s module theorem [15, Chapter II, Section 1.3]) If A separates
the points 0 and z1 from z2 and ∞, then
Mod(A) ≤ 2µ
(√
|z1|
|z1|+ |z2|
)
,
where µ(x) is a positive decreasing function of x ∈ (0, 1).
It is well-known that the notion of conformal modulus of annuli is related to
quasiconformality.
Lemma 6.5. Let f : Ĉ → Ĉ be an orientation-preserving homeomorphism with
f(∞) = ∞. Suppose that there are positive constants M1,M2 such that for any
circular annulus A ⊂ C with Mod(A) ≥M1 we have
(6.3) Mod(f(A)) ≥M2Mod(A).
Then f is K-quasiconformal for some K depending only on M1,M2.
Proof. The following argument is sketched in [8].
Fix z0 ∈ C, and assume without loss of generality that f(z0) = 0. For ρ > 0
sufficiently small, let
Rρ := max
θ
|f−1(ρeiθ)− z0|
and
rρ := min
θ
|f−1(ρeiθ)− z0|,
so that the circular dilatation of f−1 at 0 is
Hf−1(0) := lim sup
ρ→0
Rρ
rρ
.
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If Aρ is the annulus {z : rρ < |z − z0| < Rρ}, then f(Aρ) is a topological annulus
separating 0 and ∞, and both boundary components of f(Aρ) intersect the circle
{w : |w| = ρ}. By Teichmu¨ller’s module theorem (M3), Mod(f(Aρ)) is uniformly
bounded above, independently of z0 and ρ. The assumption (6.3) then gives a
uniform upper bound on Mod(Aρ) =
1
2π log (Rρ/rρ). It follows that the circular
dilatation of f−1 is uniformly bounded. By [15, Chapter IV, Theorem 4.2], the map
f−1, and thus also f , is K-quasiconformal for some K depending only on M1,M2.

Now we return to the proof of Theorem 6.4.
Proof of Theorem 6.4. Let Ω be a circle domain containing ∞ and satisfying the
quasihyperbolic condition, and let f be a conformal map of Ω onto another circle
domain Ω∗ with f(∞) =∞ ∈ Ω∗. Recall that by Lemma 6.2, the map f extends to
a unique homeomorphism of Ĉ that conjugates the Schottky groups of Ω and Ω∗.
For convenience, we denote this extension by the same letter f . We have to show
that f : Ĉ → Ĉ is K-quasiconformal, for some constant K ≥ 1 depending only on
Ω.
Lemma 6.6. There exist positive constants C1 and C2 such that if A ⊂ C is any
circular annulus with Mod(A) ≥ C1, then Mod(f(A)) ≥ C2.
Assuming this lemma, we can finish the proof.
Let L = e2πC1 > 1, and let A ⊂ C be a circular annulus with
Mod(A) >
1
2π
logL = C1.
Without loss of generality, assume that A = {z : 1 < |z| < r} where r > L. Let
n ∈ N such that Ln < r ≤ Ln+1, and for j ≥ 1, let Aj := {z : Lj−1 < |z| < Lj}, so
that Mod(Aj) = C1. By Lemma 6.6 and properties (M1) and (M2) of conformal
modulus, we have
Mod(f(A)) ≥
n∑
j=1
Mod(f(Aj))
≥ nC2
=
n
n+ 1
2πC2
logL
(
1
2π
(n+ 1) logL
)
≥ 1
2
2πC2
logL
(
1
2π
log r
)
=: M2Mod(A).
The result now follows from Lemma 6.5. 
6.3. Proof of Lemma 6.6. The proof will be very similar to the proofs of Lemma
3.1 and Lemma 4.1, but here we shall need to make use of the absolute continuity
lemmas from Subsection 2.3. This is a complication that is not present in the proof
of He and Schramm [8, Lemma 4.2], because of their assumption that the boundary
of the domain has σ-finite length.
We fix a circular annulus A of modulus greater than 12π log 2 so that it contains
the closure of a circular annulus A0 that is homothetic to the annulus A(0; 1, 2).
Using a homothety, we may assume that A0 = A(0; 1, 2) ⊂⊂ A. Let A∗ = f(A),
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and consider a conformal map h from A∗ to a circular annulus A# = A(0; 1, R). It
suffices to bound the modulus of A#, i.e., 12π log(R), from below.
Consider the sets Ωk of Subsection 6.1. The complement Ĉ\Ωk consists of count-
ably many open disks, with diameters converging to 0 as k → ∞, by Proposition
6.1. Hence, if k is sufficiently large, we may have that each such complementary
disk B intersecting the annulus A0 is contained in A, and has distance at least
2diam(B) > 0 from ∂A. Since f is a homeomorphism, f(B) also has a distance
2diam(f(B)) > 0 from ∂A∗, whenever B ∩ A0 6= ∅, provided that we pick an even
larger k. Property (F4) in Section 3 now shows that h(f(B)) is c-fat for a universal
c.
Summarizing, if we consider the map g = h ◦ f : A → A#, we have that each
complementary disk B ⊂ Ĉ \ Ωk intersecting A0 ⊂⊂ A is contained in A and its
image g(B) is c-fat. Here, k is fixed, and is sufficiently large, depending on A,A0,
and f . We denote by H the set of these disks B, and by W the set A0 ∩ Ωk ⊂
A0 \
⋃
B∈H B.
By Proposition 2.6 we have that H1(f(γr ∩ ∂Ω)) = 0 for a.e. 1 < r < 2, where
γr ⊂ A0 denotes the circle of radius r around 0. We claim that this remains valid
if ∂Ω is replaced by ∂Ωk. Indeed, reflecting across a circle component of ∂Ω yields
a domain R(Ω) inside this circle that is bi-Lipschitz-equivalent to Ω, away from∞.
By Remark 2.1, the quasihyperbolic condition (2.1) is invariant under bi-Lipschitz
maps, so the reflected domain also satisfies it. It follows from Proposition 2.6 that
H1(f(γr ∩ ∂R(Ω))) = 0 for a.e. 1 < r < 2. Repeating this procedure countably
many times gives H1(f(γr ∩ ∂Ωk)) = 0 for a.e. 1 < r < 2, for all k ∈ N. Note that
here we used (6.2). Since the conformal map h : A∗ → A# is smooth, it follows that
H1(g(γr ∩ ∂Ωk)) = 0
for a.e. 1 < r < 2.
We fix such an r ∈ (1, 2). The set γr \ Ωk is the union of countably many arcs,
each contained in a disk B ∈ H . Also, if Z denotes the set γr∩Ωk andK = γr∩∂Ωk,
then g is (locally) absolutely continuous in each component of Z \ K ⊂ γr ∩ Ωk.
Applying Lemma 2.8 (on γr ≃ R/Z) and noting that g(γr) has diameter at least 1,
we obtain
1 ≤
∫
γr∩Ωk
|g′| ds+
∑
B∈H
B∩γr 6=∅
diam(g(B)).
Now we proceed exactly as in the the proof of [8, Lemma 4.2].
We integrate over r ∈ (1, 2) to get
1 ≤
∫
A0∩Ωk
|g′|+
∑
B∈H
diam(g(B))d(B),(6.4)
where d(B) = H1({s ∈ [1, 2] : B ∩ B(0, s) 6= ∅}), and d(B)2 . Area(B ∩ A0) by
(F1). By the Cauchy-Schwarz inequality, the square of the integral term is bounded
by ∫
A0∩Ωk
|g′|2 ·Area(A0 ∩ Ωk) ≤ Area(A#) ·Area(A0) = π(R2 − 1) · 3π.
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Similarly, using the fatness of g(B), the square of the summation term in (6.4) can
be bounded by∑
B∈H
diam(g(B))2 ·
∑
B∈H
d(B)2 .
∑
B∈H
Area(g(B)) ·
∑
B∈H
Area(B ∩ A0)
. Area(A#) · Area(A0) = 3π2(R2 − 1).
Summarizing, by (6.4) we have R2 − 1 ≥ C for a universal C > 0, which implies
that log(R) is bounded from below, as desired. 
7. Proof of Theorem 1.4
In this section, we conclude the proof of Theorem 1.4. Let Ω be a circle domain
containing ∞ and satisfying the quasihyperbolic condition, and let f : Ω → Ω∗ be
a conformal map of Ω onto another circle domain Ω∗. Without loss of generality,
assume that f(∞) = ∞ ∈ Ω∗. By Theorem 6.4, the map f extends to a K-
quasiconformal mapping of the whole sphere that conjugates the Schottky groups,
for some K ≥ 1 depending only on Ω. Again, we denote the extension by the same
letter f .
We now use quasiconformal deformation of Schottky groups to prove that f must
be a Mo¨bius transformation, thereby showing that Ω is conformally rigid. First,
we need some preliminaries on invariant Beltrami coefficients with respect to a
Schottky group.
Let V ⊂ C be open and let µ : V → D be measurable. If f : U → V is a
quasiconformal mapping, then we define a measurable function f∗µ : U → D, called
the pullback of µ under f , by
f∗µ :=
∂zf + (µ ◦ f)∂zf
∂zf + (µ ◦ f)∂zf
.
Similarly, we define the Beltrami coefficient of an orientation-reversing quasicon-
formal mapping f : U → V by µf := µf and the pullback f∗µ by
f∗µ =
∂zf + (µ ◦ f)∂zf
∂zf + (µ ◦ f)∂zf
.
Here by orientation-reversing quasiconformal mapping we mean the complex con-
jugate of a quasiconformal mapping.
With these definitions, the coefficient µf is simply the pullback of µ0 ≡ 0 under
f . Moreover, pullbacks satisfy the natural property
(f ◦ g)∗µ = g∗(f∗µ).
Now, we say that a measurable function µ : Ĉ→ D is invariant with respect to a
Schottky group Γ(Ω) if T ∗µ = µ almost everywhere on Ĉ, for every T ∈ Γ(Ω). This
is equivalent to
µ = (µ ◦ T )∂zT
∂zT
or
µ = (µ ◦ T )∂zT
∂zT
depending on whether T is Mo¨bius or anti-Mo¨bius.
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Proposition 7.1. Let f : Ĉ→ Ĉ be a quasiconformal mapping and let Ω be a circle
domain. Then the Beltrami coefficient µf is invariant with respect to the Schottky
group Γ(Ω) if and only if f maps Ω onto another circle domain Ω∗ and it conjugates
Γ(Ω) and Γ(Ω∗).
Proof. Suppose that µf is invariant with respect to Γ(Ω). To prove that Ω
∗ = f(Ω)
is a circle domain, it suffices to show that f(γj) is a circle for each circle γj in ∂Ω.
Fix γj , and as before let Rj be the reflection across γj . We have
(f ◦Rj ◦ f−1)∗µ0 = (f−1)∗(R∗j (f∗µ0)) = (f−1)∗(f∗µ0) = µ0,
where we used the fact that R∗jµf = µf , by invariance of µf . This shows that the
Beltrami coefficient of the map f ◦Rj ◦ f−1 is zero almost everywhere, so that it is
anti-Mo¨bius. But it fixes f(γj), so that f(γj) must be a circle and f ◦ Rj ◦ f−1 is
the reflection across that circle. It follows that Ω∗ is a circle domain, as required.
Moreover, we clearly have
T ∗ = f ◦ T ◦ f−1 (T ∈ Γ(Ω)),
so that f indeed conjugates Γ(Ω) and Γ(Ω∗).
Conversely, suppose that f maps Ω onto another circle domain Ω∗, and that it
conjugates Γ(Ω) and Γ(Ω∗). Then for each j, the map f ◦Rj ◦ f−1 is anti-Mo¨bius,
so that
µ0 = (f ◦Rj ◦ f−1)∗µ0 = (f−1)∗(R∗j (f∗µ0)).
Taking the pullback of both sides by f gives µf = R
∗
j (µf ). This shows that µf is
invariant with respect to Γ(Ω).

We can now proceed with the proof of Theorem 1.4.
Proof. Recall that by Theorem 6.4, every conformal map of Ω onto another circle
domain extends to a unique K-quasiconformal mapping of Ĉ that conjugates the
Schottky groups, for some K ≥ 1 depending only on Ω.
Let f be such a map, and suppose that f is not Mo¨bius, so that K > 1 and
‖µf‖∞ > 0. Let (K − 1)/(K + 1) < c < 1, and set ν := (c/‖µf‖∞)µf . By Proposi-
tion 7.1, the coefficient µf is invariant with respect to Γ(Ω), and thus so is ν. By
the measurable Riemann mapping theorem (Theorem 6.3), there is a quasiconfor-
mal mapping h of Ĉ with µh = ν and h conformal on Ω. Again by Proposition 7.1,
we have that h maps Ω onto another circle domain, and it conjugates the Schottky
groups Γ(Ω) and Γ(h(Ω)).
Now, again by Theorem 6.4, the restriction of h to Ω has a unique K-quasi-
conformal extension h˜ to the whole sphere that also conjugates Γ(Ω) and Γ(h(Ω)).
By uniqueness, it follows that h = h˜ everywhere on Ĉ. But this contradicts the
fact that h is not K-quasiconformal, since ‖µh‖∞ = ‖ν‖∞ = c > (K − 1)/(K + 1).

Remark 7.1. The above proof relies on the fact that the quasiconstant K in Theo-
rem 6.4 is uniform, in the sense that it does not depend on the conformal map. We
mention though that in order to prove that Ω is rigid, it actually suffices to prove
that every conformal map of Ω onto another circle domain extends to a quasicon-
formal mapping of the whole sphere (regardless of the quasiconstant). This follows
from [28, Theorem 5].
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8. Further remarks on the rigidity conjecture
Recall from the introduction that the rigidity conjecture states that a circle
domain Ω is conformally rigid if and only if its boundary is conformally removable.
If there are only point boundary components, then the rigidity of Ω clearly implies
the removability of ∂Ω. Whether the converse holds remains unknown even in this
special case. The goal of this section is to investigate the properties of a possible
counterexample.
Suppose that Ω is a circle domain having only point boundary components, and
assume that ∂Ω is removable but Ω is not rigid. Then there exists a non-Mo¨bius
conformal map f : Ω → Ω∗, where Ω∗ is another circle domain. In particular, the
domain Ω∗ is also non-rigid.
Now, we note that ∂Ω∗ necessarily contains at least one circle. Indeed, if not,
then f would be a conformal map between the complements of two totally discon-
nected compact sets and thus would extend to a homeomorphism of Ĉ; cf. remarks
in the beginning of Section 3. But then f would be a Mo¨bius transformation, by
removability of ∂Ω.
We mention that in [6, Theorem 4.1], based on results of Ahlfors and Beurling
[1], Gehring and Martio construct a circle domain Ω having only point boundary
components and a conformal map of Ω onto another circle domain Ω∗ having exactly
one boundary circle. In their example, however, the boundary of Ω has positive
area, and hence is not removable. The question is whether one can construct such
an example with removable boundary.
The following result states that if ∂Ω is removable, then ∂Ω∗ must in fact contain
a lot of circles.
Theorem 8.1. Suppose that f : Ω → Ω∗ is a non-Mo¨bius conformal map between
two circle domains with f(∞) = ∞ ∈ Ω∗, and assume that Ω has only point
boundary components. If ∂Ω is removable, then Ω∗ has the property that every
w0 ∈ ∂Ω∗ that is not a point boundary component is the accumulation point of an
infinite sequence of distinct circles in ∂Ω∗.
A circle domain Ω∗ with this property is called a Sierpin´ski-type circle domain.
See Figure 1.
For the proof of Theorem 8.1, we need to introduce the notion of local remov-
ability.
Definition 8.1. A compact set E ⊂ C is locally conformally removable if for any
open set U , every homeomorphism on U that is conformal on U \ E is actually
conformal on the whole open set U .
Note that if E is conformally removable, then for any open set U with E ⊂
U , every homeomorphism on U that is conformal on U \ E is actually conformal
everywhere on U (see [28, Proposition 11]). The main difference here is that E is
not assumed to be contained in U ; in particular, the set E may intersect ∂U .
Clearly, local removability implies removability. Whether the converse holds
remains unknown. We pose this as a conjecture.
Conjecture 8.2. A compact set is conformally removable if and only if it is locally
conformally removable.
Conjecture 8.2, if true, would imply that the union of two conformally removable
sets is also conformally removable, which is an open problem.
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Figure 1. A Sierpin´ski-type circle domain.
In [28], the conjecture was shown to hold for various sets, such as quasiarcs and
totally disconnected compact sets. We will actually need the proof in the latter
case, so we reproduce it for the reader’s convenience.
Lemma 8.3. Let E ⊂ C be a totally disconnected conformally removable compact
set. Then E is locally conformally removable.
Proof. Let U ⊂ C be open, and let f be a homeomorphism on U that is conformal
on U \ E. We wish to show that f is conformal on U , which amounts to proving
that f ′ exists at each point z0 ∈ E. Fix a point z0 ∈ E. The point z0 is the
intersection of all rel. clopen subsets of E that contain it; see [5, Corollary 1.34].
Therefore, there exists an open set V ⊂ U ⊂ C such that E ∩ V ∋ z0 is closed.
Now, f is conformal on V \ (E ∩ V ) ⊂ U and E ∩ V is a compact set contained
in V . The removability of E and the remarks after Definition 8.1 imply that f is
conformal on V and thus at z0, as desired. 
We can now proceed with the proof of Theorem 8.1.
Proof. Let f : Ω→ Ω∗ be a non-Mo¨bius conformal map between two circle domains
with f(∞) =∞ ∈ Ω∗, where ∂Ω is a totally disconnected removable compact set.
Suppose that there exits a point w0 ∈ ∂Ω∗ belonging to a boundary circle γj
and an open set V containing w0 that is disjoint from all the other boundary circles
in ∂Ω∗. Shrinking V if necessary, we can assume that V is a disk centered at w0
sufficiently small so that it does not contain γj .
Let V ′ := V ∩Ω∗, and denote by z0 the boundary component of Ω corresponding
to γj under f , i.e., f
∗({z0}) = γj . Then U ′ := f−1(V ′) is an open set with z0 ∈ ∂U ′,
and U ′ = U \ ∂Ω for some open set U .
Now, we have that f is a conformal map from U ′ onto V ′ mapping point bound-
ary components to points, so that f extends to a homeomorphism on U . But by
Lemma 8.3, we have that ∂Ω is locally conformally removable, so that f is actually
conformal everywhere on U .
To summarize, we have a conformal map f from the open set U onto the disk V
minus the closed disk bounded by γj such that f
−1(wn)→ z0 whenever {wn}n∈N is
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a sequence accumulating on the circular arc γj ∩ V . But this is clearly impossible,
by the Schwarz reflection principle for example, and we get a contradiction. 
Theorem 8.1 shows the importance of studying the rigidity of Sierpin´ski-type
circle domains. It is worth mentioning that such domains also appear naturally in
another conjecture by He and Schramm on the removability of the boundaries of
circle domains.
Conjecture 8.4 (Removability Conjecture [8]). Let Ω be a circle domain. If every
Cantor set contained in ∂Ω is conformally removable, then ∂Ω is removable.
In [28], Conjecture 8.4 was shown to hold whenever the set of accumulation points
of circles is not too large, in some precise sense. Sierpin´ski-type circle domains are
therefore good candidates for a counterexample.
Finally, we conclude by mentioning that it is possible to construct a Sierpin´ski-
type circle domain Ω such that
(1) ∂Ω does not have σ-finite length,
(2) Ω is a John domain.
In particular, this gives examples of rigid circle domains (by Theorem 1.4) for which
the rigidity result from [8] does not apply.
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